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Abstract
In this work, we investigate the effectiveness of a damage identification technique recently proposed in [1] and assess how it
is affected by the number and position of the sensors used. Mode shapes and curvatures have been claimed to contain local
information on damage and to be less sensitive to environmental variables than natural frequencies. It is known that notch-type
damage produces a localized and sharp change in the curvature that unfortunately could be difficult to detect experimentally
without the use of an adequate number of sensors. However, we have recently shown that even a coarse description of the modal
curvature can still be employed to identify the damage, provided that it is used in combination with other modal quantities. Here,
by exploiting the perturbative solution of the Euler-Bernoulli equation, we consider the inverse problem of damage localisation
based on modal curvatures only and we ascertain the feasibility of their sole use for recostructing the damage shape. To do so, we
set up a filtering procedure acting on modal curvatures which are expressed in a discrete form enabling further investigation on the
effect of using a reduced number of measurement points. The sensitivity of the procedure to damage extension is further assessed.
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1. Introduction
Structural health monitoring techniques based on the measurement of modal response have attracted the interest
of many researchers in the last decades [2]. Recent technological advances have made available several kinds of
low-cost, reliable sensors suitable to monitor the state of large civil constructions including buildings, bridges and
aqueducts [3, 4, 7, 5, 6], and have stimulated countless applications to real structures.
The change of natural frequencies has been one of the first approaches used in damage detection [8, 9, 10, 11],
thanks to the easiness and robustness of their measurement in comparison to other modal quantities. The intrin-
sic drawback in the use of modal frequencies is though their well-known low sensitivity to local variations of the
mechanical characteristics [12], which might lead to significant errors in the identified parameters. What is more,
the inverse problem obtained by damage detection techniques based on eigenfrequencies is often ill-conditioned and
sometimes undetermined.
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Fig. 1. Simply supported beam and damage shape function used in the examples of Section 3.
Some of these limitations can be overcome by using the changes of modal shapes and curvatures [13, 1, 14]. Such
an approach was explored in the last decade of last century by Pandey [15] and, since then, has given rise to quite a
number of follower studies investigating the use of modal curvatures as to solve the problem of damage assessment
and localization in beams, among which, [16, 17, 18, 19, 20, 13, 21].
Theoretically, modal curvatures would be the most effective quantities to be observed as, for narrow damage such
as a notch, their increase localizes in the neighborhood of damage. Moreover, they should be less sensitive to environ-
mental variables than natural frequencies. Non-localized damage causes the change in modal curvature to be a more
complex function which could result in an erroneous localization [1]. Effective damage identification can be obtained
by various filtering techniques including spline interpolation, wavelet transforms [22], modified Laplace operator [23]
or space-wavenumber Fourier transforms [24]. All these techniques require a high number of measurement points to
obtain reliable values of modal curvatures.
In fact, it is known that notch-type damage produces a localized and sharp change in the curvature that could
be difficult to detect experimentally without the use of an adequate number of sensors. However, we have recently
shown [14] that even a coarse description of the modal curvature can improve the localization of damage when used in
combination with other modal quantities. Here, by exploiting the perturbative solution of the Euler-Bernoulli equation
described in [1], we consider the inverse problem of damage identification based on modal curvatures only and we
ascertain the feasibility of their sole use in a damage identification procedure. The results obtained are expressed
in discrete form, providing a tool to further investigate the effect of a limited number of measurement points. The
sensitivity of the results is assessed in terms of damage extension and position of measurement points.
2. Modal curvatures as observable quantities
The transverse motion of a cracked beam can be studied by exploiting a perturbative solution of the dynamic
Euler-Bernoulli equation. The procedure is fully described in [1] and shortly recalled here.
The dimensionless equation governing the i-th transverse mode of a damaged beam is:
d4v∗i (s)
ds4
− ε d
2
ds2
[
η(s)
d2v∗i (s)
ds2
]
− λ∗i v∗i (s) = 0 (1)
where s ∈ [0, 1] is the dimensionless abscissa, v∗(s) is the transverse displacement and η(s) the damage shape
function depicted in Fig. 1, such that ‖η(s)‖ = 1. The eigenfunctions v∗i and eigenvalues λ∗i can be expanded as a
power series in terms of the damage intensity ε ,i.e.,
v∗i (x) = v
0
i (x)− ε v1i (x) + O(ε2), λ∗i = λ0i − ε λ1i + O(ε2) (2)
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where v0i and λ
0
i are respectively the ith eigenfunction and eigenvalue of the undamaged beam, and v
1
i and λ
1
i are
their first order variations. By taking into account only the contributions up to the first order in ε, the following system
of ordinary differential equations is obtained
0-th order:
d4v0i (s)
dx4
− λ0i v0i (s) = 0 (3)
1-st order:
d4v1i (s)
ds4
− λ0i v1i (s) = λ1i v0i (s)−
d2ηi(s)
ds2
(4)
where the function ηi(s) is the damage shape weighted through the ith modal curvature, i.e. ηi(s) := η(s) d2v0i /ds
2.
Eq.(3) is simply the governing equation of the undamaged system.
The difference between the modal curvature of the damaged and undamaged beams, ∆′′i (s), can be expressed in
terms of the modal quantities of the undamaged system and the damage shape function η(s) as in [1], i.e.,
∆′′i (s) = −ηi(s) +
λ1i
λ0i
w0i (s) +
+∞∑
k=1
k 6=i
λ0i
λ0k (λ
0
i − λ0k)
< ηi, w
0
k > w
0
k(s) (5)
where the < ·, · >:= ∫ 1
0
· · ds indicates the scalar product and the notation w0i (s) stands for the second derivative,
that is the curvature, of the normalised mode shape, i.e., w0i (s) = ‖v0i ‖−1(d2v0i /ds2). It is noted that (5) is the
sum of three contributions: the ith modal damage shape, the ith modal curvature and a term taking into account the
contribution of the other modal curvatures. A sensitivity analysis of Eq. (5) in terms of damage position and width,
carried out in [1], shown that broad damage, that is damage with non-localised extension along the axis, causes the
modal curvature difference to have multiple peaks outside the damage region giving false indication of the damage
position.
In this work, we are interested in assessing the effects of the sampling rate of the modal curvatures and, in particular,
the minimum number of points that allows the damage shape to be accurately identified. This problem has indeed a
great relevance for real world structures where a limited number of sensors is used for monitoring purposes. To this
end we focus on the discrete form of (5), i.e.,
∆′′ (m)i := ∆
′′
i (sm) = −η(m)i +
λ1i
λ0i
w
0 (m)
i +
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0 (p)
k
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k (6)
that is the results of sampling the modal curvatures inM equally spaced points, i.e., 0 < s1 < ... < sM < 1 and using
K modes in the series (5). It is apparent from (6) that, if the sampling points s1, s2, ..., sM lie outside the support of
the function ηi(s), η
(m)
i = 0 and the only contribution in ∆
′′ (m)
i is λ
1
i /λ
0
i w
0 (m)
i , i.e. the i-th modal curvature. As
a consequence, the reconstruction of the damage shape in this situation becomes cumbersome and a large number of
modes in the series are needed.
Further details can be gained by inverting (5) to derive ηi(s). Equation (6) can be recast in vector form as
∆˜′′i = −
I − K∑
k=1
k 6=i
λ0i /λ
0
k
M(λ0i − λ0k)
(ω0k ⊗ ω0k)
ηi (7)
where ∆˜′′ (m)i = ∆
′′ (m)
i −(λ1i )/(λ0i )w0 (m)i and⊗ indicates the dyadic product between vectors, i.e., (a⊗b)i j = aibj .
∆′′i , w
0
i and ηi are the M-row vectors containing the corresponding quantities at each sampling point; as such
K = I −
K∑
k=1
k 6=i
λ0i /λ
0
k
M(λ0i − λ0k)
(ω0k ⊗ ω0k) (8)
is a M ×M matrix and I is the M ×M identity matrix. The properties of the matrix K that strongly affect the
solution of (7) are studied in the next paragraph through numerical examples.
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Fig. 2. Curvature variations ∆′′i and modal damage shape ηi obtained by Eq. (7) for the first three modes (i = 1, 2, 3) in the case of a broad
damage located at s0 = 0.29 with width b = 0.35 andM = 16 sampling points.
3. Numerical Results
The direct problem of evaluating the curvature for the simply supported beam shown in Fig. 1 was studied by the
finite element method. To have an accurate estimate of the modal curvature throughout the beam length a very fine
discretisation was used corresponding to 100 standard beam elements. The damage shape function is assumed to be a
piecewise cubic function of the normalised abscissa s and to depend on two damage parameters, i.e., position s0 and
width b as indicated in Fig. 1.
The inverse problem was studied by sampling the modal curvature, obtained from the modal displacement of the
direct problem, in M equally spaced points. The damage shape function ηi evaluated by inversion of (7) by using
K = 3 modes is shown in Figs. 2 and 3 for two damage cases together with the curvature variations ∆′′i . In the
former, a broad damage (s0 = 0.29 and b = 0.35) is considered and the results show that the filtering procedure
drastically reduces the peaks in the modal curvature differences outside the damaged area and an accurate estimate of
the modal damage shape ηi is achieved although with different accuracy for each mode. When very sharp damage,
typical of crack, is considered, different situations may occur. In the first case (left) in Fig. 3 the damage is located
between two sampling points of the modal curvature, meaning that in Eq. (6) all the contributions of the damage
shape η1 vanish and, in fact, the modal curvature difference gives the shape of the (first) modal curvature without any
significant information on the actual damage position or shape. On the contrary, the inversion of (7) with K = 3
modes still gives a clear indication of the damage. The situation is completely different when at least one sampling
point lies in the damaged region. In this case, as already pointed out in [14], both the modal curvature difference and
the filtered quantity convey very accurate information on the damage region. Indeed, on this particular case are based
the satisfactory results presented in [15].
For given location and extension of damage, and using the first two modes, Figure 4 illustrates the consequences of
reducing the number of sampling points of the modal curvatures, mimicking the use of a reduced number of sensors.
The results indicate that in all cases the unfiltered modal curvatures fail to provide a clear indication of the damage
zone, even with 13 sampling points. On the opposite, the peak in the filtered quantities is always in close proximity
of the damaged region independently on the number of sampling points. As expected, the error of the identification
procedure increases by reducing the number of sampling points.
4. Conclusions
Curvature variation is a quantity that has gained interest in damage detection procedures for its local information
content and its limited sensitivity to environmental effects. To clarify some aspects of damage identification based
solely on the use of curvature change, we report here selected results obtained from a perturbative solution of the
damaged Euler-Bernoulli beam equation of motion that relates in closed form the curvature difference before and
after the damage and the position and shape of the damage itself. The solution reported expresses the modal curvature
variations, as well as the weighted modal curvature shape, as a function of the measured discrete mode shapes. This
would enable to investigate the effect of a coarse description of mode shapes, that is, the actual possibility to use
modal curvature as observed quantity in experimental tests on real structures, when a limited number of measurement
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Fig. 3. Curvature variations ∆′′1 and modal damage shape η1 obtained by Eq. (7) in the case of a sharp damage with width b = 0.03 located at
s0 = 0.29 (left) and s0 = 0.11 (right). In both casesM = 16 sampling points were used.
Fig. 4. Sensitivity on the number of sampling points of∆′′i and ηi applied to the first two modes (i = 1, 2) for a damage located at s0 = 0.2 with
width b = 0.1. (a)-(b)M = 13 sampling points; (c)-(d)M = 7 sampling points.
points is often available. A numerical example is reported to show that, when damage is broad, several peaks in the
modal curvature outside the damage region may occur, also in the absence of numerical or experimental error, due to
the contribution of higher modes in Eq. 5. This means that differently from the common perception, the curvature
variations can not always give a reliable information on damage location and shape. We also show that, when damage
is narrow, in the absence of a measurement point within the damage region, the modal curvature variation is again
unable to provide meaningful results. On the contrary, the filtered modal curvature appears to be a fitting quantity for
the localization of damage. It is further shown that the procedure presented is able to provide meaningful results also
when using a limited number of sensors.
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